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Abstract

The main properties of a fractal model to describe the epidemic
spread of diseases are discussed. The most important features of
the epidemic process that leads to the conclusion of an underlying
fractal structure are analyzed, and the meaning of the parameters of
the model are investigated. It is shown that the existence of a fractal
mechanism in the epidemic evolution leads to a simple relation be-
tween time interval for the epidemic spread and the population size.
It is shown that the contamination rate varies with the population
size. The relevant differences between the SIR model and the fractal
model are discussed.
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Introduction

The pandemic spread of the SARS-COV-2 virus alerted the world
for the necessity to take immediate polices to avoid the fast spread
of dangerous viruses that can cause a large number of deaths. The
crises caused by that disease evidenced that we still do not have a
system of alerts that is good enough to prevent fast contamination
through the different regions. The facilities that allow the easy and
fast displacement of people also ensure the mechanisms for the spread
of diseases.

The most widely used model for epidemic evolution is the SIR
model [1,2], that describes the time evolution of three classes of
individuals: susceptibles, infected and recovered. The SIR model
results in an exponential increase of the epidemic disease, but several
analyses evidenced that a power-law behaviour would describe
better the observed data [3,4]. If the functions that describe the time
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evolution of each class are the susceptible, S(t), the infected, I(t)
and the removed, R(t), and the total population, given by the sum of
individuals in each of those classes, is considered constant in the time
scale of the epidemic contamination, the SIR model gives a set of
three coupled differential equations:
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Where p and « refer respectively to the removal rate of infected
people and to the probability per unit of time that one infected subject

will transmit the disease to a susceptible one.

While this approach can give a good description of the way
contamination increases with time in a city, it is not enough to
describe the spread of viruses in a very large population nor the
spread of the virus in a network of interconnected cities, as we will
see below. In general, virus contamination happens when there is
close contact between the infected person and the susceptible one.
Hence, one cannot consider that people in a large city have equal
probability to meet any other person in the city, and the same holds
for people located in different cities. The social behaviour in a city
usually evolves to allow frequent contact of a person with a very
small group of individuals, while most of the population will remain
with no contact with that person [5,6].

The fact that social contact is structured by small groups is
a universal feature of urban life and has consequences that can be
observed in several analyses of socioeconomic behaviour [7-11]. One
of the most striking features that emerge is the power-law distributions
that are commonly found in the analyses. An intriguing result is that
the exponent of the power-law seems to have a universal value,
which is independent of country, culture or stage of development
of the region analyzed [12,13]. The hypothesis of fractal structures
underlying the behaviour of people in an urban environment is used
more and more often to explain these observations [14,15].

Fractal structures appear whenever a system presents two
distinguishing features: it is scale-free and it has an internal structure
[16]. These two aspects lead to self-similarity, a remarkable aspect of
fractals. From the geometrical figures to the biological system, going
through physical systems and socioeconomic activity, fractals seem to
be everywhere [14]. Recently, the fractal structure has been associated
with Tsallis non-extensive statistics [17], with the non-additive index,
g, being completely determined by the fractal parameters [18,19]. On
the other hand, the Quantum Field Theory that is the prototype for
three of the four known interaction in nature, the Yang-Mills Field
Theory, points to the possibility of formation of fractal structures in
all systems described by those interactions [20,21]. This result can
explain why fractals are so common in natural systems.
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On the other hand, the properties that ensure the emergence of
fractal structures in the socioeconomic aspects of life in urban areas
are still to be determined. The evidence for those fractal structures,
as mentioned above, comes from the observed power-laws with an
universal exponent. This power-law was found in the SARS-COV-2
disease pandemic, and a model for describing it in terms of the fractal
structure was proposed [22]. We will investigate in details some of the
characteristics of this model. It must be mentioned that in the case of
SARS-COV-2, the fractal structures may be related to the aspect of
the virus surface [23]. The non-linear spreading dynamics of diseases
is studied in many works, e.g., Refs. [24-26].

In the fractal model developed in Ref. [22] the epidemic evolution
is described by a set of two coupled differential equations, since
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The main difference concerning the SIR equations (1) is the
power q in the infected population that incorporates a feature of the
Tsallis non-extensive statistics [17]. The meaning of the parameter
q is the following: according to the model presented in [22], a large
population is formed by a number of smaller groups, called agents,
and the disease is transmitted by contact among the agents. Due to
the fractal structure assumed in the model, each agent is formed by a

number N~ of other agents, with N~ related to q by
, 1

i O

The solution to the coupled equations are:
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An approximate analytical solution for o(f) can be obtained,
resulting in With Therefore, the susceptible population follows a
negative g-exponential function of the modified time variable, 6.
Observe that the non-extensive distributions according to Tsallis
statistics appear here as a consequence of the fractal structure.
Different methods to include those distributions in the description of
the epidemic spread were used [27].

Some clarifications about the meaning of the equations above are
in order. Initially, important to observe that the power-law obtained
for both infected and susceptible populations is a common feature
of systems governed by fractal mechanisms, but it is not exclusively
related to fractals since, as mentioned above, a fractal needs a power-
law and an internal structure. The parameter A plays the important role
of the scale of the system, and therefore defines the hierarchy level of
the fractal structure that is relevant for the description of the system.
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In the discussion below we will restrict ourselves to the number of
infected described by the function i(tA), but the same aspects are
present also in the susceptible population, o(tL). The parameter tA
indicates that the time interval for the epidemic spread depends on the
number of agents in each group. This dependence will be investigated
below.

E = —

. &)

Observe that the quantity is a scale free variable in the fractal model
proposed in Ref. [22]. Here € embodies the main features of the fractal
system: scale invariance and hierarchical structure. In the context of
epidemic spread it represents the probability of contamination per
direct contact between agents. When the population ¢ changes to ¢ =
ac, the agent size changes from A to A= a). If 1 is independent of the
scale, then ¢ is also scale independent.

In many practical cases some scale is adopted as fixed, say A=Ao.
For epidemic analysis the infected population is usually given by
number of individuals, then Ao=1. In this case,

we have:
_ Tq0

aly (8)

Since the epidemic dependence with the population ¢ is a
power-law, as evidenced in data analyses, we can conclude from the
expression above that ta/a is independent of the scale parameter, a,
therefore ta=ato. We can express the contamination in terms of a rate
of transmission, k, defined by t=xkA(tA—to)), where to A is the instant
when the first infected agent appears in the group of ¢ individuals. In
these terms we obtain

The interval tA-to) is the relevant time for the contamination of the
group of size A.

The time interval can be related to its counterpart at the scale Ao by
a function t (Ao, t), which we assume continuous and differentiable.
A remark about the notation: t(., .) is a function of two variables
and one of them is t, the time scale of epidemic spread in groups
of size Ao, while the symbol to is used to refer to the initial time of
contamination for the group. For a=A/Ao varying in a limited range,
and since the time for contamination is roughly proportional to the
size of the group, we can write t(A/Ao, to)=a(t-to), where t and to are
measured in the time scale compatible with Lo. Therefore, in this time
scale we have

o
e=mt— tO)Z

(10)
The assumption that ¢ is scale free results in the relation

K =K/a (11)

where o is the contamination rate at the scale Ao, and represents
the contamination per unit time, once the unit time and the scale of
the agents are fixed. This result still implies in a scale-free spreading
dynamics, since the variable € remains independent of the scale.

The data analyses of SARS-COV-2, however, provide enlightening
information about the way the spread of the COVID-19 disease took
place in different regions of the world [22]. The fact that a power-law
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behaviour is observed means that the scale invariance is broken, so
¢ will be a linear function of the population 6. From the discussion
made above, one can see that it will happen only if, for fixed A=\o, the
product kA(tA-to) will be independent of the scale of the population
o. There are two possibilities for it: the time span for contamination
is independent of the size of the group, what seems to be contrary to
the observations; the infection rate « is independent of the size of the
group. Here the second hypothesis is adopted.

If one assumes that the infection rate is independent of the size of
the population in the group of infection, the Eq. 11 is not valid and
must be replaced by kA=xo. If follows from Egs. (10) and (4) that the
infected population increases as:

o)k, 1/(1-q)

(0= ko1 4+ (1- )7

(t—ty) (12)

resulting in the power-law behavior of the distribution, as far as the

time interval t-to is small enough to allow the population o(t) be
considered approximately constant.

The essential aspect to obtain the power-law behaviour is the
fact that the rate of infection, «, is independent of the scale. This is
an interesting and unexpected result that deserves some additional
comments. Observe that in Eq. (12) the number of agents is kept
constant, since q is constant. The same holds for the scale Ao and
the time-scale, represented by a single time variable, t. The natural
question that arises is: what happens if we change the scale of the
groups, using a scale A that is proportional to ¢ instead of Ao? This
aspect of the fractal epidemic process will be investigated below.
Notice that:

So, the infection rate will be given by kA=ax is the correct rate
for groups of people with scale A. If we assume that Ao=1, that is,
the scale refers to one single individual, then we can understand the
meaning of kA in the following way. When we change the scale, the
agent of contact is not the individual, but a group with a number A of
individuals. The rate of infection among groups at that scale is A times
that for the infection among individuals, xo.

While this conclusion can seem to be intuitive, it unveils one the
most important differences between the fractal description and the
SIR-like models: here we keep the number of possible contacts inside
a group constant, as given by ¢, and the argument of the power-law
function changes according to the population size. In the SIR model,
on the contrary, the number of ways the virus can be transmitted
increases, and eventually goes to infinity. In fact, when q—1, the
power-law behaviour we obtain here approaches the exponential
behaviour of the SIR model. This difference can be traced down to the
non-additivity of the entropy in the Tsallis statistics, which is closely
related to the fractal structures [16]. In the case of epidemic spread, it
is clear that the reason to obtain a power-law stems from the fact that,
despite the large population that one can consider to be susceptible
to infection, the number of ways one infected individual can transmit
the disease is limited to the number of individuals in its close-contact
group represented by the parameter q.

In conclusion, the meaning of the parameters that appear in the
fractal model of epidemic spread is studied. The relation between
the infection rate and the size of the population is obtained. Also, a
discussion about the main differences between the fractal approach
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and the SIR approach is performed, and the important role played by
the parameter q is analyzed.
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